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B. A. KOPOTKMM
E. A. YCMAHOBA

HO»kHO-YpanbCcKui
rocylapCTBEHHbIH YHUBEPCHUTET,
r. Yensa6buHck

BMKYBUUECKAA
JIEHTO4YHASA NOBEPXHOCTbD

BuKy6MYECKOM NEeHTOM Ha3bIBAlOT BLITSHYTYIO BAOMb OCM OX NOBEPXHOCTb NOCTO-
SIHHOM WMPHHbI, OOPa30BaHHYIO HAGOPOM NPSMOYrOfbHbIX B MilaHe GMKY6GMUeCcKMx
NOpLMH, COeAMHEHHbIX MeXay coboi ¢ rnagkoctbio C' (HenpepbIBHOCTL rpagm-
eHTa mexpay nopumsimu] mnn C? (HenpepblBHOCTL KpuBM3HbI). Kaxcgas nopums
orpaHMyeHa KybnueckMmu napabonamu, neXkawjMmm B BePTUKaNbHbIX MAOCKOCTSIX
x=const, y=const. B cTaTbe npefcCTaBneHbl aNropMTMbl pacyeta GuKybuueckoi
NEeHTbl, OCHOBaHHbIE Ha MCMOJIb30BaHUM YPaBHEHMI FPaHMUYHbIX KPMBLIX B KauyecTBe
OCHOBHbIX FPaHMUHbIX YCNOBMIA. B KauyecTBe AOMOMHMTENbHBLIX FPAHMUHLIX YCHO-
BMI NPMHMMAIOTCA YCNIOBUS «nockue yrabi». Mpepnaraembin noagxos nossonsiet
YMEHBLMTb PasMep XapaKTePMCTUYECKONW MaTPMLbl CUCTEMbI NIMHEHHBbIX YpaBHe-
HUIH OTHOCMTENbHO KO3((PUMLIMEHTOB, BXOASLMX B YPaBHeHMsI GuKy6HUeckux nop-
umin. Hanpumep, pacuyet 16 KO3(h(PMUMEHTOB ypaBHeHMsI GuKYOMUYECKOM nopumM,
npoxoasiyen Yepes (PUKCMPOBAHHbIE FPaHM4YHblE KPMBbIE, CBOAMTCH K PELUEHMIO
CMCTEMbI YeTbipeX NMHEMHbIX ypaBHeHWH. CchopmynupoBaHbl (B Buge Teopem)
KPMTEpPHMM rMagKoro coefguHeHms 6uky6uueckmnx nopumit. B reopeme 1 cpopmynmu-
POBaHbl M AOKa3aHbl YCNIOBMS HEMPEpPLIBHOCTH rpagMeHTa. Teopema 2 COflepPMMT
YCNOBMS HeNpPepbIBHOCTM KpMBH3HBI. MpeAcTaBneHbl NpMMepbl pacyeta M BU3yanu-
3aumn C' u C2-rnafiKMx NEHTOYHbIX MOBEPXHOCTEH, COCTOSILMX M3 ABYX MIM Tpex

OMKYOMUECKMX NOPLMH.

KnioueBble cnoea: 61MKy6uueckas nopumsi, Kybuueckas napabona, ycnoems rinagko-
CTM, TPAAMEHT, NAOCKME YIibl, 3aKpenneHHble KOHLbI.

BBepeHue. BuKyOMueCcKOM AEHTOUHOMN IIOBEPXHO-
CTbIO (OMKYyOMYeCKOM AeHTOM) HA3LIBAIOT BBITAHYTYIO
BAOABL ocu OX IOBEPXHOCTb IOCTOSSHHOW IIWPHHEI,
0o0Opa3oBaHHYIO HAOOPOM IIPIMOYTOABHBIX B IIAQHE
OuKyOnueckux mnopuuni (cermeHTtoB) ABCD, BMNC,
MKLN, ..., COeAMHEHHBIX Me>KAYy COOOM II0 Hallepep 3a-
MAHHBIM noniepeuHbIM 11BaM BC, MN, ... ¢ TA@AKOCTBIO
C! uau C? (puc. 1). ThapkocTts C! 03HauaeT HeImpephiB-
HOe W3MeHeHHe TpapMeHTa (OTCYTCTBHE HM3AOMOB Ha
MMOBEPXHOCTU AeHThI). ['rapkocTs C? 03HauaeT Herpe-
PEIBHOE M3MeHeHHe KPUBU3HBI ITOBEPXHOCTU. VMHBIMU
cAOBaMH, OUKyOWdecKasi AeHTa — 3TO IPAMOYTOAbHAS
B IIAQHe, BBITSIHyTasi BAOAbL ocu Ox KyCOYHO-TAQAKast
TIOBEPXHOCTDb, IIPOXOAAINAsl depe3 Halepep 3ajaHHLIe
nonepeunsle Hampasasionue AD, BC, MN, KL, ..., re-
JKallpe B IIAOCKOCTAX x=const. B kauecTBe nonepeu-
HBIX HAIPAaBASIONIUX U MPOAOABHBIX T'DAHUI] UCIOAB-
3yIOTCS CerMeHThl KyOudeckux mnapabon. HekoToprlie
HAIpaBASIIONINEe MOTYT BBIPOJKAQTBLCS B IIPSAMble AUHUU
(manpumep, orpe3ok MN Ha puc. 1).

[Topuuu A€HTBI ONUCHIBAIOTCA OMKyOUMYECKUMU
ypaBHeHUuAMA [1, 2]:

Foipep(xy) = ZZ%-(X - XO)S(Y _YO)3v

i =0

(1)

=0 j
x €[xq, x,]

FBMNC(XVy)zz sz(X_X1)3(y_YO)3v

3 3
i=0 j=0

X €[x,, x,],

)

AuanaszoH HW3MeHeHUus OpPAWHATHL ¥ €[y, ¥,] OAHU-
HAKOB AAS BceX mopiiuii. KoamdecTBO HOPIUM MOJKET
OBITH AIOOBIM.

ITocranoBKa 3apaun. B AekapToBOU cucTeMe KO-
oppuHaT Oxyz 3aUKCHUPOBAH HAOOP IIONEPEYHBIX
HalpaBAsiomux (Kyouueckux napadoa) AD, BC, MN,
KL, ... (puc. 2). [IpopoAbHBEIE TPAHUIBI (DOPMUPYIOTCS
C Y4eTOM 3aAAHHBIX I'DAHUYHBIX YCAOBUM. Tpebyercs
HauTu ypaBHeHus (1), (2), (3), ... OuKyObuuecKux Imop-
uutt ABCD, BMNC, MKLN, .., yAOBAETBOPSIOIINX 3a-
AAQHHBIM TPAaHUYHBIM YCAOBUSIM U YCAOBUSIM TAQAKOCTH.

BbukyoOuueckast nopuus. Ha naockoctu Oxy aekap-
TOBOM CHCTEMBI KOOpAMHAT OXyz OTMedeHa IpsSIMO-
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Puc. 2. ITonnepeyHbie HanpaBASIOIIe
OMKYyOM4eCKOM A€HThI

yroabHas s4edika h_ X hy, rae h =x —x, hy=yl—yO
(puc. 3). YKazaHbl yTAOBBIE TOUKU A(X, ¥, Z,), B(X,, ¥,

AB = 7z,5(x) = 0,5 + B ag(x — X0) + ¥ ,5(x _Xo)2 +08,5(x _Xo)3v
AD = z,,(y) = 0up +Bap(y = ¥o) + Yap(y = ¥o)* + 840y — ¥o)’

BC = zyc(y) = tpe + By = Vo) + Voc (V = ¥o)* + 85 (7 = 7o)
DC = zpe(x) = ape +Bpe(x — Xo) + Vpe(x _Xo)2 +8p0(x - Xo)sv

3AeCh U paree CBOOOAHBIM YAeH ypaBHeHUs KyOu-
JecKoM napaboAbl o6o3HaueH OYKBOU 0, a Koadduuu-
€HTHI IIPY BO3PACTAIOIUX CTEIEeHIX apryMeHTa — OyK-
Bamu 3, v, 6 COOTBETCTBEHHO. B MMOACTPOYHOM MHAEKCE
yKazaHbl IPpaHUYHBIE TOYKU COOTBETCTBYIOIIEHM Iapa-

Puc. 3. I'paHuyHbIe yCAOBUS

z,), C(x,, ¥, 2.), D(X,, ¥,/ Z,). AaHbl ypaBHEHUsI TDAHNY-
HBIX KPUBBIX:

x €[x,, x;],

y elyo yil
y elyo yil

X €[x,, x,]. (4)
OoAbl. TpeOyeTcss HaWTH ypaBHeHHe OUKyOHWYeCKOM
noBepxHocTu (nmopuuu) ABCD, «HaTIHyTON» Ha 3ajpaH-
Hble TPAHUYHBIE KPUBHIE.

VYpaBuenwue (1) 6ukybmdeckon nmopuuu ABCD B pas-

BEPHYTOU (popMe MMeeT BUA

Frpep(X, ) = 2 = Qo + Qo (Y = Vo) + A (Y = ¥o)* + G (y = 7,)° +
+lay +ay(y —yo) +any _YO)Z +asly _YO)S](X - Xo) +

+ [ay +a21(y7y0)+a22(y7y0)2 +a23(y7YO)3](X7X0)2 +

+[a30 +a31(y_YO)+a32(y_YO)2 +033(Y_YO)3](X_X0]3; X € [Xov X1]v y € [YOv Y1]-

[ToroxuB y=y,, BBIAGAseM U3 (5) ypaBHEHHE TI'Da-
HUYHOM KpuBol AB:

Z5(X) = gy + o (X — Xo) +

+ (X = X,)7 + Ay (X = X,)°, X € [X, X]. (6)
[TpupaBrUBasg KO3(p(PUIIUMEHTH], BXOA4lNe B Iep-
BOe ypaBHeHUe U3 (4), U KO3(PPUIIUEHTH], BXOAAIINE

B ypaBHeHUe (6), IOAydaeM:
Qo =

Oupr Qy =

Ay = az = (A

Y apr

AHAAOTUYHBIM 00PA30M, MOAOKUB X =X, BEIAGASIEM
u3 (5) ypaBHeHHWe TPaHWYHOM KpuBOH AD m mpupas-
HHBaeM KO3(M(UIIMEHTHl NIPU OAWHAKOBBIX CTeleHsX
nepeMeHHOHU y:

Aoy =Bapr Ay =Yapr Qg3 =0 p. (8)

IToacTaBasist B (5) X=X, IOAy4YaeM ypaBHEHHE I'Da-
HUYHOM KpuBol BC:
Zpe(y) = (@ + @l + @y h? +aghl) +
+ (am + aﬂhx + a21hf + aalhi)(y - YO) +
+ (aoz + athx + azzh;zr + a32h3)(y - YO)Z +
+(agy + ash, +ayh? +aghl)(y - y,)’.

©)

CBOGOAHBIM YAE€H 3TOTO yYpPaBHEHWSI M3BECTEH U3
(7). IlpupaBHUBasg ocTaAbHBIE KO3(PDUIIMEHTHl ypaBHe-
HUg (9) 3apaHHBIM KOd(P@UIMEHTaM T'PaHUYHON KpU-
Boii BC (TpeThe ypaBHeHue u3 (4)) u yuurtbiBag (8),
TIOAYYaeM:

a, h, +a,h’+a,h’
11°5x 217 x 317 x

=PBsc —Pap:
2 3

a,h, +ayuh, +amhy =Y —Yap

ah, + azshf + asshi =085 —84p- (10)

AHAAOTUYHBIM 00Pa30M, MIOAOKUB y=y,, BEIAGASIEM

u3 (9) ypaBHeHUe IrpaHUYHOU KpuBoM DC U, yYUTHIBAA

(7). (8), npupaBHUBaeM KO3MPUITUEHTHI IIPU OAUHAKO-

BBIX CTeIleHsAX nepeMeHHoﬁ X

2 3
ayh, +a,h; +ah; = Boe —Bas:

2 3
ayh, +aph, +ayh, =v,c —¥ap

2 3 _
ayh, +ayh, +ayh; =0, — 0,5 (11)
Mo>kHO IIOKa3aTh, 4YTO Ar0OOe M3 IIeCTU YPaBHEeHUN
(10), (11) aBAsieTcsa CAEACTBUEM HSATU OCTAAbHBIX, IIO-
3TOMY OAHO U3 ypaBHEHMH (HallpuMep, IOCAepAHee ypaB-
HeHue u3 (11)) HAAO UCKAIOUYUTH U3 paccMOTpeHud. [1o-
AydaeM [ATb AMHEMHO He3aBUCUMBIX ypaBHeHuHu (10),
(11), KOoTOpEBIE COAEPFKAT AEBATH HEU3BECTHBIX BEAUYNH
{(111, Aigr Aygr Aypr Ayyr Ayye Ayyr Ay ass}‘ Aj\ﬁ Hux olpeaeae-
HUSI CAepyeT AOOABUTH UeThbIpe I'PAHUYHBIX YCAOBUS.



B KauecTBe AONOAHUTEABHBIX TI'DAHUYHBIX YCAO-
BUM MOTYT OBITH NPHUHSTHI YCAOBUSI «IIAOCKHUE YTABI»:
PaBEHCTBO HYAIO II€PBBHIX CMEIIaHHBIX IIPOM3BOAHBIX
dyHKOUM (5) B YLAOBBIX TOYKAX KOHCTPYUPYEMOU
oukybuueckoun mnopuuu [3, 4]. Auddeperuupysa (5)
U IpUPABHUBAsI HYAIO NepBBIe CMelllaHHBIE MIPOM3BO-
AHBIE, TIOAyYaeM yCAOBUS IIAOCKHUX YTAOB:

0°F

%(Xov%) =a, =0,

0°F

@(XI'YO) =2a, +3h,a; =0,

0°F

%(X“ y,) = 4a, + 6hya23 +6h.a,, + 9hxhya33 =0,

0°F

%(Xovﬂ) = 2a,, +3h,q; = 0. (12)

BeImoAHUB HeKOTOphLIe aArebpanueckue mpeodpa-
soBanws, u3 (10), (11), (12) moayuaem (c yuetom a,, =0):

3 2
A, = _hij(BAB - BDC)’ a3 = FS(BAB - BDC)’

3 2
a = _P( AD _BBC)’ az = F( AD _BBC)' (13)
YuuteiBas (13), cucrema ypasBHenutt (10), (11), (12)
COKpaIllaeTcsi A0 UYeThIpeX YpaBHEHUM OTHOCHUTEALHO

HEU3BECTHLIX KOIMPUIUEHTOB Ay, Ay Ay Aol

22" 723!

2 3 _
aphy +anhy =vpe —vap —aph,,

2 3 _
Ayh, +ayph; =38, —8,, —ah,,

=Ypc = Yap — nhy,

4a,, + 6a,h, +6a,h, +9a;h h, =0.

a22h§ + a23h3
(14)

YpaBrernus (7), (8), (13), (14) mO3BOALIOT OIpeAe-
AUTB BCe KO3(M(UIMEHTH], BXOAAINWEe B ypaBHeEHHe
(1) 6uxybuueckoy nopuuu ABCD, 3apaHHOM CBOUMU
rpaHuniaMu. KoMIAeKC 3TUX YpaBHEHUM IIPEACTABAS-
eT COO0M BBIUMCAUTEALHBIN aATOPUTM, SKBUBAACHTHLIN
PEUIeHUIO CUCTEeMBI 16 AMHEMHBIX YpaBHEHUU OTHOCHU-
TeAbHO 10 Heu3BeCTHBIX KO3((UIIMEHTOB ypaBHEHUSI
(3) ncrkomom 6GMKyOHMUYeCKOM Iopuuu [J].

Ecan OukyOnuecKas IIOpPLUMSA 3ajpaHa YTAOBBIMU
ToukamMu A, B, C, D u rpapueHTaMu (yraaMu HaKAO-
Ha KacaTeAbHBIX B YIAOBBIX TOYKax 1o ocam Ox, Oy),
TO YpaBHeHUd (4) rpaHuUl] IOPIUU ONIPEAEAIIOTCSA IPO-
CTBIM pacyeToM [6].

Hanmpumep, ecAm 3apaHBl yTABI HaKAOHA Kaca-

TEeABbHBIX (IXA, (IXB B KOHEYHBIX TOYKaX FpaHI/I‘{HOP'I

kpuBou AB (puc. 3), TO KOOQPUIUEHTEL Y, O,, BXO-
pdlllie B ypaBHEHUE 3TOW KPUBOM, BBIYUCASAIOTCSA
U3 CUCTEMBI yPaBHEHUN
2 3
Oap + Baphy +Vaphy +3,0; =2y,
(15)

Bap +2vaph, + 38ABh§ = tgay,

rae o, =z, B,,=tge*,. YpaBHEHUs OCTAABLHBIX I'DaHWUI]
OIIPEAEASTIOTCSI @HAAOTHIHBIM 06Pa3oM.
ITpumep 1. AaHBI KOOPAMHATHI YTAOBBIX Touek A(0;
0; 2,5), B(10; 0, 5), C(10; 10; 12,5), D(0, 10, 7,5). B yrao-
BBIX TOYKaX 3apMKCUPOBaHbI 'PAAUEHTHL (pUc. 3):
tga) =-04; tgo’ =1%

tgay =05 tga) =-1

tgor =0; tgel =17 tgop =17 tgal =-1.

AOIIOAHUTEABHO IPUHUMAIOTCS YCAOBHUS IAOCKHX
YTAOB (PaBeHCTBO HYAIO IEPBBIX CMeIIaHHBLIX IIPOU3-
BOAHBIX B yraax nopuuu). TpeOyercsa chopMUpOBaATh
OUKYyOHWUYECKYIO0 IIOBEPXHOCTH (5), YAOBAETBOPSIOILILYIO
3aA@HHBIM I'PAHUYHBIM YCAOBUSIM.

Pemenmne. [ToacTaBasia B (15) rpaHUYHBIE YCAOBUSA
U 3HaveHus h =h = 10, HaxopaMM KO3(pPUIHEHTHI
a,,=25 B,,=—04 y,,=0105 6,,=—0,004 ypaBue-
HUS TPaHUYHOUW KpuBOU AB. AHAAOTHYHBEIM 06pasoM,
BBIUUCASIS KO3((PUIMEHTE YpPaBHEHUM TI'PAHUYHBIX
kpusBblx AD, BC u DC, nnorydaeM:

Z,5(%) = 25— 0,4x + 0105x? — 0,004x°,
Ze(y) = 5—y + 0,255y* — 0,008y,
Z,,(y) = 25 + 17y — 0,09y* — 0,003y°,

Zpe (%) = 75+ 1,7x — 019x” + 0,007x°. (16)

[MoacTaBAsia KoahdUIIMeHTH ypaBHeHUM (16) B BHI-
pakenus (13), moaryuaem:

a. = 0,063;
a, = —0,081;

21

a, = —0,0042;
a, = 0,0054.

CucreMa ypaBHeHUH (14) npuoOpeTaeT BUA

100a,, +1000a,, = —0,285,

100a,, +1000a,, = 0,037,

100a,, +1000a,, = 0,515,

4a,, +60a,, +60a,, +900a,, = 0.

Pemus aTy cucrteMy ypaBHeHHH, ITIOAyYaeM:

Ay =

a,, = 0,00059; «a

—0,00075; @, = —0,00021;

= —0,000022.

33

W3 (7), (8) HaxOAMM OCTaAbHBIE KO3(UIMEHTHI,
BXOAAIIIE B ypaBHeHHUe (5):

Qoy = Oy = 25 A =PBap =04
ay, =9,; = —0004

Qg = Yap = =009

Ay = Vap = 0105

Gy =PBap =17
ay =6,, = —0003.

Bce 16 xosdpdunmentos (c yuerom a, =0) ypas-
HeHus (5) obukybudeckou noprum ABCD omnpepereHEL
Ha puc. 4 mpeacTaBAeHa ceTKa 00pa3ylolux (Kyoude-
CKUX mapaboA), IIOCTpOeHHasi coraacHo (5). Hampumep,
B CEYEHHUHU IOBEPXHOCTH MAOCKOCTBIO y=3 IMOAyYaeM
TIPOAOABHYIO OOPa3yIOLLYIO

z(x) = 6,709 + 0,0536x —

— 0,12882x*+ 0,009716x°. (179

Auddepernnupys (17) u noroxus x = 10, morydaeM:
dz/dx=0,392; d’z/dx*=0,32532. DT BeAUIHHLl OyAYT
HCIIOAB30BaHHI B IIpUMepe 2.

C'-rrapKoe coeprHeHne GMKyOMYeCKNX CerMEeHTOB.
TpebyeTcs COEAUHUTHL «A€BYIO» U «IIPaBYIO» OUKyOu-
yeckue nopuuu ABCD u BMNC no mBy BC. [TokakeM,
4yTO rAaAKoCTh C! poCTHUTraeTcs: Ipu PaBeHCTBE IEePBBIX
TIPOM3BOAHBIX B CTBIKOBEIX TOUKax B, C COeAMHSIEMBIX
IIOPIIUH.

Teopema 1. Ecan y «AeBOM» M «IIPaBOM» OMKyOu-
yeckux nopuu F_(x, y) u anaB(X’ y) uMeeTcsl OOIIMU
moB BC, mpuueM B Toukax B, C COBIIaAQIOT YacCTHBIE
TIPOM3BOAHEBIE
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Puc. 4. Bukyou4yeckuii cerMeHT

aF _ aF‘npas aF _ 6anus

AeB | | AeEl
BT B c—

ox ox ox ox

|c'

a Tak’kKe COBIIQAQIOT IIepBble CMeIlaHHble IIPOU3BO-
AHBIE

G P O°F

AeB I | AeB
B B!

0x0y 0x0y 0x0y

0°F

npas

0x0y

IC |C !

TO B AIOOOM TouKe IIBa BC BBIIOAHSETCS PaBEHCTBO

OF., _ OFupu

ox ox
AoOKa3zaTreabCTBO.

OF

Z“aes BAOAB AWHUM 1IBa BC MO’KHO 3amlmcaTbh B BUAE
ox

KyOHU4eCKON (PyHKIUU

CoraacHo (9), IIPOM3BOAHYIO

oF
YY) = = Uy + D,y 4 €y Y
0x
Oyurnus  y(y) OAHO3HAUHO OIpPeAeAeHa CBOU-
OF, | OF
MU 3HAUeHUSIMU [; —2|. ¥ TIPOMU3BOAHBIMHU
0x ox
oy, _ 0 OF,  _0F, oy _ 0 OF,  _0F,
67|B=7(7) |B= |B' 7|C=7(7) |C:7|C
y dy 0Ox 0x0y oy Oy 0Ox 0x0y

B KpallHHUX Toukax 1Ba BC.

npas

[TpoussopnyIO BAOAB AMHHUU T1Ba BC Takike

MO>KHO 3alllcaTh B BUAE KyOmM4ecKo¥ (OyHKIIUU

npas

_ 2 3
ox - anpcuz + bnpaay + Cnpcuzy + dnpasy .

xwy) =

Ora q)yHKLII/IH TaK>Xe OAHO3HAYHO OIlIpeAeAeHa CBO-

oF,
VMU 3HAUYEHHSIMU —22 |, ?k U IIPOU3BOAHBIMU
X X
o°F, 0°F y
o [p= —2 |, o | o= —2£% | B KPalHUX TOYKAX IIBa
Oy 0x0y Oy 0x0y

BC. CoraacHO yCAOBHIO TeOpeMEl, 3HaueHus (PyHKIUN
y(y), x(y) ¥ 3HaueHHA UX CMELIAHHBIX IPOU3BOAHBIX

B Toukax B, C COBHIAARIOT: @L;:%L?, @|C=%|C.
oy © oy oy © 0y
CAepOBaTeAbHO, BAOABL AMHMH IIBa BC dyHKRIuU y(y),
x(y) coBmaparoT. ODTO O3HAYaeT, 4YTO B AIOOOU TOYKe
1IBA COeAUHSAEeMble OUKyOMUYeCcKHe IIOPIUU UMEIOT 00-
IIYI0O KacaTeAbHYIO, TTapPaANEABHYI0 (DPOHTAABHOM IIAO-
ckoctu OzXx.

Kpome sToro, B Ar06oM ToukKe mBa BC cyllecTBy-
eT KacaTeAbHass K AMHHUM IIIBa. OTa KacaTeAbHasl TaK-
JKe SBASIETCS OOIIEed AASI COepAMHSIEeMBIX MopHui. ABe
o0IIIMe KacaTeAbHBIE B AIOOOM TOUKE IIIBA OIPEAEAs-

m FOT OOIIYI0 KAaCaTeAbHYIO IAOCKOCTH, YTO AOKAa3bIBaeT

C! — raapkoe coeprHeHME OGMKYyOMYECKHUX ITOPIIUH.

IMIpumep 2. K nopuunu O6MKyOMYeCKOU IIOBEPXHOCTHU
ABCD, paccMOTpeHHOU B npumepe 1, TpebyeTcsa npu-
COEAVHHUTH (C TAaAKOCTHIO C!) GMKyONYeCKyIO ITOPIIUIO
BMNC c yraoBeiMu Toukamu M(25; 0; 0), N(25; 10;
7,5) 1 PUKCUPOBAHHLIMU I'PDAAMEHTAMU B ITHUX TOYKAX
tgay, =06, tgal, =2 tgay =1 tgo) =-16.

Pemenne. YpaBHeHue (2) OUKyOMYeCKOU IOPILUU
BMNC B pa3BepHyTOU (hOpMe UMeeT BUA

Fymne(X, ¥) = 2 = by + by (y = ¥o) + b (v = 7o)* +
+ by (7 = ¥0)” + [y + by (¥ = ¥o) + by (y = ¥,)" +
biy(y = ¥o)’1(X = X,) + [byy + by (y = o) +
+ by (y = ¥o)* +byly = o) 1(x = x,)* +
+ by + by (y = ¥o) + by = y,)* +
+by (v ~yo)1x - x)" x e[x,, X1, ¥ €lyo vi] (18)
Coraacuo Teopeme 1, aass Cl-TAQAKOTO COEAMHEHWUST
cerMeHTOB 1o mBY BC Hap0 oOeclleuuTh PABEHCTBO
IIepPBBIX TPOU3BOAHBIX B CTHIKOBBIX TOuKax B, C. Cae-

AOBATEABHO, AAS «IIpaBoi» nopuuu BMNC B Toukax B,
C AONKHBL OBITh BBIIIOAHEHBI YCAOBUA!

tgay =05 tgoas =0;
82FBMNC | _ azFBMNC | -0 (19)
0x0y ’ 0x0y ¢

(cMm. mpumep 1).
AOIIOAHUTEABHO NPUMEM YCAOBUSI «IIAOCKHE YTABI»
B Toukax M, N:

82P‘)BMNC | — 82F)BMNC | — O
M INT M
0x0y 0x0y

YTO IIO3BOASIET MCIIOAB30BaTh aaroput™m (7), (8), (13),
(14) aArst pacueTa «IIpaBOM» MOPIIUU.

Coraacuo (15), HaXOAUM YypaBHEHHUSI MPOAOABLHBIX
rpanul; BM, CN u HanpasaAgoueld napadboasl MN:

BM = z,,(x)=5+0,5(x — x,) —
-0,093(3) (x — x,)* +0,002518(518) (x — x,)°,
CN =z, (x) =125-0133) (x — x,)* +
+0,0074(074) (x — x,)°,
MN =z, (y) = 2y — 0015y* —0,011y°. (20)

Ypasuenue mBa BC umeer Bup, BC = z,.(y) = 5 —
—y + 0,255y — 0,008y® (cm. mpumep 1).

And pacdera Ko3dpuiineHTOB ypaBHeHHUs (18) uc-
NIOAB3yeM BBIYUCAUTEABHBIN aaroput™m (7), (8), (13),
(14), rae BMecTO 0003HaUEHUN @, TPUHATEHI obo3Haue-
HUs by, @ TaK)Ke COOTBETCTBYIOINM oOpa3oM usMeHe-
HBl O0OO3HAYeHUSA I'PAHUYHBIX KPUBBIX (OOO3HAYeHHE

AB 3amensem Ha MN, u Tak Aanee). Beipakenus (13)
IpHOOPETAIOT AASI TIPABOTO CerMEeHTa CAEAYIOITUY BHA!

3 2
b12 - ’E(BBM 7I3CN)' b13 - E(ﬁm *Bcw)v

3 2
b, = _E(BBC _BMN)' by = E( BC _ﬁMN)'

IMoacTaBass ciopa B,,,=0,5; B.,=0; B,.= —1, moay-
JaeM:
b, =-0,015  b,; =0,00%;
b, =004; b, =-00017(7).

Cucrema ypaBHeHud (14) aaa nopnuu BMNC npu-
oOpeTaeT BUA;



bzzhi + bazhf =Yunv — Vae — by,
bzshf + b33hi = 8MN - 8Bc —byh,,
b22h; + b23h; =YeNn —Vm ~ bZlhy’
4b,, + 61)2311y + 6b,h, + 9b33hxhy =0.

[ToacTaBAsieM CIOAQ pacCUMTaHHBIE 3HAYeHws b,

b, b,, b, a Tak)ke 3HaYCHUS
Yun = —0015 vy, =0255 §,, =-001%;
0z =-0008, h, =15 hy =10 .

Pelus noaryueHHYIO CUCTEMY YPABHEHUM, HAXOAUM:

b,, = -0,0048;
b,, = 0,00004;

b,, = 0,000306(6);
b,, = —0,000008.

W3 BelpaykeHutt (7), (8) mpuMeHUTEABHO K IIOPIIUU
BMNC noayuaem:

boo =0Opy = 5 b10 = BBM =05
by = Yem = —0,093(3); by, = 65, = 0002518 (518);
by = PBsc = —1i by = vpe = 0255 byy = 8, = —-0,008.

COraacHO yCAOBHIO «IIAOCKHME YTABDY, uMeeM b =0.

Bce koo dunnenTe! ypaBHeHuU (18) OuKyOU4eCKOU
nopuuu BMNC onpepenrenel. Ha puc. 5 mpeacrasae-
Ha AEHTQ, IIOCTpoeHHas coraacHo (18). bukybuueckue
nopryuu ABCD u BMNC coepviHeHEBI ¢ TAapAKoCcTbio Cl.
B creiKOBOM TOuke C IOAYYEH HEECTEeCTBEHHO YIIAO-
IIeHHBI Y4YaCTOK IIOBEPXHOCTH BCAEACTBUE TOTO,
yTto B Touke C 3apaHa TOPU30OHTAAbHas KacaTeAbHas
(tgar=0). ITOT HEAOCTATOK OYyAET UCHPABAEH B IPU-
mepe 3.

ITposepka. [Toroxus B (17) y=3, moaydaeM IIpo-
AOABHYIO 00Pa3yIouIyIo «IIpaBON» MOPIUYA

7 = 4079 + 0,392(x — 10) — 0,015453(x — 10)? —

—0,000270815(x — 10)°. (21)

Auddepernnupys (21) u noroxxkus x = 10, morydaem:
dz/dx=0,392. B komeuHOM TOuKe oOpasyromien (17)
«AEBOM» TOpHUM OBbIAA IIOAyYeHa TaKas ’Ke BeAWdu-
Ha (cM. npuMep 1). CrepoBaTeAbHO, oOpasyromiue (17)
u (21) mMeroT oOIIyI0 KacaTeAbHYIO B TOYKe HUX CO-
epHeHUs: (Ha AmHMU 1mBa BC), YTO TOATBEpPIKAQeT
raapkocth C!' cocTaBHOU MOBEPXHOCTU. BTopasi mpo-
usBopHas dyaknuu (21) npu x=10 paBHa d’z/dx*=
= —0,03091, uro oTAmuaercs OT 3HaveHus d’z/dx*=
=0,21236 ara dpyaknuu (17). ChrepoBaTeABHO, Ha AH-
Huu BC TponcxopUT cKauKooOpasHoe U3MeHeHUe KpU-
BU3HBI OUKYOMYeCKOMU AEeHTHI.

C?-rhaAKoe COeANHEeHHEe OMKYOUYEeCKHX MOPIHIL.
Anst C2-rAaAKOTO COEAMHEHUs] OMKYyOMYEeCKUX HOPIUi
no mwBy BC Hap0 HOTPeOOBATh PABEHCTBO IIE€PBBIX
U BTOPBIX IPOU3BOAHBIX OT pyHKImHU (5), (18) mo mepe-
MeHHBIM X, ¥ B Toukax B, C.

Teopema 2. Ecau y «areBoOM» U «IIpaBOi» OMKyOuUe-
ckux nopuuii F (X, y) u anaB(X, y) uMeeTcsa OOLIUHU II0-
nepeunsly moB BC, npudeM B Toukax B, C COBIAAQIOT
TepBbIe ¥ BTOPHIE YaCTHBIE ITPON3BOAHLIE

aF AeB aFH as aF AeB aFH as

o= e e le= = e (22)
62FAEB azFﬂPaﬁ azFAEB 82FHPUB

axz |B_ 6X2 |B' 6X2 |C: axz |C' (23)

Puc. 5. C'-rrnapkas AeHTa (K npumepy 2)

a TaKyXe COBIIQAQIOT IIE€EpBbBI€ M BTOPbLIE CMEIaHHBIE
IIPOU3BOAHBIC

0°F,,, - O°F s | d°F,,, - 0°F | 24)
oxdy ©  oxoy U oxoy ¢ oxoy ¢
o‘F,, - 0'F s | o‘F,,, - 0'F s | (25)
oxtey? P oxtey? P ax’oy® ¢ oxtoy?

TO B AIOOOM TOYKe UIBa  BBITOAHSIOTCS  PABEHCTBA
aFAEB _ 6FHPGB azFAeB _ 0 anaB

0x x| oox ox®
BH3Ha AIOOOM IIPOAOABHOIN OOpasyrollell OHnKyOuue-
CKOM AEHTHI HM3MEHSeTCs HeIlpephIBHO (6e3 CKaukKo-
00pa3HOro M3MeHeHMsI B CTHIKOBBIX TOYKaX Ha AMHUU
mBa). AOKa3aTeAbCTBO TeOPEeMB! 2 BEIIIOAHSETCST aHAAO-
TUYHO AOKa3aTeAbCTBY TeOpeMEI 1.

[TycTte TpebyeTcst chOpMUPOBATH ABYXCEKIIUOHHYIO
C2-TAaAKYHO0 OUKYOUYECKYI0 AEHTY C (PUKCHUPOBAHHBI-
MU IIoIlepeyHbIMU HamnpaBastomumu AD, BC, MN (cM.
puc. 5). CorracHO YCAOBUIO TE€OPEMEBI 2, IPOAOABHAS
rpanuna ABM, o6pa3oBaHHasi KyOMYeCKUMM Iapabo-
AamMu AB 1 BM, poakHa OBITE C2-TAQAKOM COCTABHOM
KPUBOM. DTO JKe TpeboBaHUe OTHOCUTCS K TPOAOABHOM
rpanutie DCN. PaccmoTrpum ycaoBusi C?-TAaAKOTO CO-
eAUHeHUs KyOU4eCKUX IapadoA.

Vcaous C3-rAaAKOCTH COCTaBHOM KyOMYECKOW
KpUBOM. B BEPTUKAABHOU IMAOCKOCTH Y=Y, ACKapTO-
BOU cUCTeMBI KOOpPAMHAT OXyZ yKa3aHbl TOYKU A(XO, Vor
z), B(x,, ¥, 2,), M(x,, ¥, 2,). Hepe3 yKasaHHbIe TOYKHU
TpebyeTcst IpoBecTH cOCTaBHYIO C*-TAaAKYIO KPUBYIO,
00pa30BaHHyIO0 KyOMYeCKUMHU Iapaboramu ¢,(x) =AB
u ¢,(x)=BM. B rpaHn4HbIX TOYKax A U M yKa3aHbl
YTABI HAaKAOHA O,* U 0, KACaTeABHBIX K KOHCTPYHUPY-
€MOU KPUBOU («3aKpelAeHHBIE KOHIIBI»).

YcroBue C2TAGAKOTO COEAMHEHHs TapaGoA ¢, (x)
u ¢,(x) umeer BUA [7]

. OTO0 O3HA4aeT, 4YTO Kpu-

h,,S, +2(h,, + h,,)S, + h,, S, =
6(z, — z)) _ 6(z, — z,) |
h,, h

(26)

1x

TAE SO, 51' S2 3HAQUEHUsT BTOPBIX IIPOU3BOAHBIX
[0 TepeMeHHOU X (PyHKuu z=Q,(x), z=¢,(x) B y3rax
A, B, M. 3peCh UCIIOAB30BaHbl 0003HaUYCHUSI hx=x —
X, hx=x,—x,.

YcaroBUE TAGAKOCTH (26) AOASKHO OBITH AOIIOAHEHO
YCAOBUSAMU «3aKPEIAEHHBIE KOHIIBI»:

Z — Z, hu hlx x

ST g T —gat,
h,. 3 0 6 " go,

Zy — 2y h2x th x

—+ S, + S, =tga),,. 27
h2x 3 2 6 1 go (27)

™
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N3 cucteMel ypaBHeHu! (26), (27) HaXxoAUM 3Hade-
HUS SO, S|, S, ¥ TIOACTaBAsIEM B ypaBHEHUS

So(x, _X)3 +S1(X_Xo)3 i

¢, (x) =

6h,,
+ Zio_soﬂ(x]_x)_'. i_%(x_xo)'
h,, 6 h,, 6
x €[x,, X,],
3 R
0, (x) = S(x, —%)° +S,(x - x,) 4
6h,,
+ i,%(xz,x)_‘_ Zi,%(x,xl)’
h,, 6 h,, 6
x € [x,,%,]. (28)

BerumcanTeAbHBIM aaTopuT™ (26), (27), (28) mo3so-
AsIeT HAWTH ypaBHeHUs: cerMeHTOB C?-rAapKoM KyOu-
YeCcKOM KpUBOU C 3aKpeNAeHHBIMM KOHI[aMHU. OTOT
aATOPUTM OYAeT B AAAbHEMIIeM UCIOAB30BaH AAs hOP-
MUPOBAHUS IIPOAOABHBIX IpaHul; C:-rAaaKoN GUKYOH-
yecko# AeHTHL. Ecam C%raapkas KyOuueckas KpHBast
dopMuUpyeTCs U3 N CEIMEHTOB (-1 CTBIKOBBIX TOYEK),
TO YKa3aHHBIM aATOPUTM OyAeT copepyKaThk n-1 ycao-
BUU FAaAKOCTU BUAA (24) U n ypaBHeHHUM BHAA (28).

Pacuer AByxceKHMoHHO¥ C?-raapkoil OUKyGuue-
CKOH A€eHTBI. AaHBI KOOPAWHATHI Y3AOBHIX TO4YeK A, B,
C, D, M, N u ypaBHEeHUs NOIIePEYHBIX HAIIPABASAIOLINX
AD, BC, MN (cMm. puc. 95). B yraossix Toukax A, D, M, N
3aAQHBI TPOAOABHBIE TPAAUEHTHI tgoly, tgay,, tgoyy,, tgay .
B 3Tux >Ke TOYKax 3apaHBI 'PAHUYHBIE YCAOBUS «IIAO-
ckue yrAabl». TpeOyercsa HalTu ypaBHeHus: (5), (18)
oukyondeckux nopuuii ABCD, BMNC, coepnHEHHBIX
no mBy BC ¢ raaproctbio C2

ITar 1. Vicnoae3dysa aaroput™m (26), (27), (28), Ha-
XOAUM ypaBHeHMsA KyOudeckux napadoa AB u BM, co-
€AMHEHHBIX B TOUKe B ¢ raaakocTbio C?. AHAAOTUYHBIM
00pa3oM HaXOAWM ypaBHeHUs KyOMYeCKUX Iapaboa
DC u CN, coeprneHHBIX B Touke C ¢ raapkocTeio C2,

ITar 2. Coraacuo (7), (8), Beruucagem 14 xoaddu-
LIMEeHTOB ypaBHeHUu (5), (18):

aOO' alO’ a20' a30' aOl' aOZ' a03’

bOO' blO' b20' b30' b01’ bOZ" b03 .

IITar 3. CocTaBAgeM CUCTEMY AECATH AUHEWHO He-
3aBUCHMBIX ypaBHeHuu Bupa (10), (11) orHOCHTEABHO
BOCEMHaALLATU KO3 PULMEHTOB a, bij:

2 3 _
a, by, + gy + ag by =By =B

2 3 _
a,hy, +ayh;, +agnhy = v = Vap

a,h,, + a23h12x + a33h13x =85 = O
allhy + a12h§ + a13h; = BDC - BAB'
ayh, + azzhj + a23h; =Ypc = Yapr

by hy, + b21h22x + b31h23x = BMN - BBC'
by, h,, + b22h22x + b32h23x =Ymn ~ Vpcr
bishy, + b23h22x + b33h23x =8yy — B¢
bllhy + b12h3 + b13hj =Ben — B

by h, + bzzhy2 + bzshs =Yen (29)

~Vam-

IIar 4. Aucddepennupys dyrkuum (5), (18), 3anu-
CbIBaeM TpaHUUYHBIE YCAOBUS «IIAOCKHUE YTABI»:

2
7 Fascp Li=a,=0,
0x0y
o°F,
76;{‘;;” = 2a,, +3h,a,; =0,

2
F,
m |M: by, + 2hy,b,; + 3h22xb31 =0,

0x0y

2
O Fyune lv=2b,, + 3h by, + 4h, by, +

oxdy (30)
+6h, hby + 6h;, by, + 9h22xhyb33 =0.

Illar 5. 3anuceiBaeM ycAoBuUsT C?-TAQAKOTO COEAU-
HeHMs1 OMKyOMdYecKux nopuuit no msy BC (cM. Teope-
My 2):

62FABCD | _ 62FBMNC | =
0x0y i 0x0y i

= a, +2h,a, + 3h12xa31 =b,,

aZFABCD | _ azFBMNC | =
oxoy ¢ oxoy €

= 2a,, +3h,a;; +4h,,ay +6h hoa, +
+6hla, +9h’h a, =2b, + 3h,by;,

Ix"ty
o'F 0'F
6X233;g ls= 6X2124;2C ls = @y +3hy,a = by,
0'F 0'F,
6X2j35;§ o= 6X2B¢;W;zc o = ay +3h,ay =by. (31)

[MoayueHa cucteMa 18 AMHeNHBIX ypaBHeHUM (29),
(30), (31) orHOCHTEABHO 18 HeM3BeCTHBIX KO3(UITU-
eHTOB, BxopAmux B (5), (18). Ocrarbuble 14 koaddu-
LIMEHTOB OIpeAeAeHBbl HEIOCPEACTBEHHBIM pacuyeToM
(cm. mar 2). Mckarouad us (29), (30), (31) koaddunmeHt
a,, =0, moaydaem cucremy 17 ypaBHeHui. Kommrekc
5TUX ypaBHEHUM IPEeACTaBAsIeT COOOM BBIYMCAUTEAb-
HBIN aATOPUTM, 9KBUBAAEHTHBIN PEIIeHUI0 CUCTEMBI 32
AVHEMWHBIX YPAaBHEHUN OTHOCUTEABHO 32 HEM3BECTHBIX
KO3 (UIIMEHTOB, BXOAAIINUX B YypaBHeHUs (9), (18).

ITpumep 3. TpeOyeTcd IOBBICUTH T'NAAKOCTH OUKY-
OUYeCKOM AEHTHI, paCCMOTPEHHOMN B mpumepe 2 (puc.
5), po cremenu C?, COXpaHUB NOMEPEUYHbIE HAIIPaBAS-
Iomue

AD = z,,(y) = 25 + 17y - 0,09y* - 0,003y°,
BC = z,.(y) = 5-y +0,255y” — 0,008y°,
MN = z,,,(y) = 2y - 0015y - 0,011y>

¥ IPaAMEHTHl B YTAOBBIX TOUKax tgo, =-04; tgay =17
tgay, =-06; tgay =1.

Pemenne. Coraacuo (26), (27), (28), HaxopuM ypas-
HEeHMs CEerMeHTOB ITPOAOABHOM I'paHuIbl ABM:

AB = z,,(x) = 25 - 0,4x + 0,1285x* — 0,00635x”
x €0, 10],
BM =z, (x) = 5+ 0,265(x — 10) —
- 0,062(x —10)* + 0,001474074 (x —10)°,
x €[10, 25].

Ky6uueckue napaboast AB u BM coepAnHEHE! B TOU-
Ke B ¢ rrapkocThio C? AHAaAOTMYHBIM 006pPa3oM HaXO-
AUM YpaBHEHUS CeTMEeHTOB I'paHUuYHON Kpusoi DCN,
coepuHeHHBIe B Touke C ¢ raapAkocThio C2

DC = zp.(x) = 7,5+ 1,7x — 0144x* + 0,0024x>,
x €0, 10],
CN = z.,(x) =125 -0,46(x —10) -
- 0,072(x —10)* + 0,00536296(x — 10)°,
x €10, 25].
Coraacno (7), (8), BelunCAsIEM CeMb KO3(dunueH-

TOB, BXOAAIIUX B yYpaBHeHU: (5) OMKyOMUYeCKOM IOp-
nuu ABCD:



Qoo = Oy =25 A,y =By =04
Ay = Yap = 01285 ay, =8,, =-000635
Aoy =PBap =17 Qg = v,4p =009
Ay =8,, =—0,003.

AHaAAOTMYHO HaXOAUM CeMb KO3 (UITNEeHTOB ypaB-
HeHus (18) oukybuueckou nopuuu BMNC:

by = apy =5 by = PBpy = 0,265
by, = vy =-0062 by, =38,, =0001474074;
bor =Bsc =1 by = v = 0255
by; = 8,- =—0,008.

IMoacTraBasgem B (29), (30), (31) 3Hauenust koapdpu-
nuenTtos B, v, 6, a Takxke hx=10, h,x=15, hy= 10. Pe-
LIUB IOAYYeHHYIO CUCTeMy 18 ypaBHeHUI OTHOCUTEAb-
HO 18 Hem3BeCTHBIX a, bi]_, HaXOAWM:

a,, =0;q, =00063; a,; =-0,0042;

a, = -00687; a,, =—-0,001425;

0,000557; a,, = 0,00417;

a,, =—0,0001425; a,, = —-0,0000187%,

b,, =-0123; b,, = —0,00825;

b,; = 0,00133; b,, = 0,0564; b,, = —0,0057;
b,, = —0,000004; by, = —0,002324;

b,, = 0,000336; b,; = —0,00000653.

Q
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Omnpepenrensl Bce 32 kKoaddulmeHTa ypaBHEHUHU
(5), (18) buxybmueckux nopiuii ABCD u BMNC, co-
eAMHEHHBIX ¢ TAapaKocThio C2 Ha puc. 6 mpeacTtaBAeHa
ceTka oOpasyrotmux C?-TAaaKoN OUKYOUYeCKOW AEHTHI,
IIOCTPOEHHAasl COrAacHo (5) u (18).

IIposepka. I[Toroxus B (la) x,=0, y=3, mory4yaem
IPOAOABHYIO OOPA3YIOIIYIO «AEBOM» ITOPIIUH:

Z 4pep (X) = 6,709 + 0,0536 x — 0,075386 x +0,0043726 x°,
x €10, 10]. (32)

Anddepennupys (32), npu x=10 nHaxopum: dz/
dx=—0,14234, d’z/dx*=0,111584. AHaAOTUYIHEIM 00-
pasoMm, moroxkuB B (18) x, =10, y=3, moay4aem mpo-
AOABHYIO 00pa3yIollyIo «IIpaBOM» MOPLMHU:

Zgune (X) = 4,079 — 0,14234 (X - 10) +

+0,055792 (x —10)* - 0,00263965 (x — 10)*,
x € [10, 25]. (33)

Auddepernnupys (33) u noroxus x= 10, morygaem
Te JKe caMble 3HAQYeHHUs IepBOM U BTOPOMU IIPOU3BO-
AHBIX. CAepOBaTeABHO, oOpasyromue (32) u (33) umeroT
OOIIYIO KacaTeAbHYIO U OAMHAKOBYIO KPUBU3HY B TOY-
Ke WX COeAMHEHUsT Ha AUHUU I1Ba BC, 9TO MOATBEPIK-
AdeT CA-TAaAKOCTH OMKYOUYIeCKOM ASHTHI.

Puc. 6. C-raapkas AeHra (K npumepy 3)

OO0Oo0OuleHre Ha cAydayd TpeX U Oonee OHMKyOuue-
ckux mnopnuit. Ilycte TpebOyeTcs COEAMHHTb N OUKY-
OMYECKUX TOPIHUN (C TAAAKOCTBIO C2). AAsi pelleHwus
3apauu TpebyeTcs paccuuTaTh 16n KoapdUINEeHTOB,
BXOAAIIUX B ypaBHeHud (1), (2), (3), ... coepuHAEMBIX
OPLUH.

Pemenne. HaxopuM ypaBHeHHs NIPOAOABHBIX TIpa-
HUIl A€HTHI, OOPA30BaHHBIX COCTaBHBIMHU C2?-TAaAKUMU
N-CeKIMOHHBIMU KyOWUYeCKUMU KPUBBLIMHU, HCIOABL3YS
arropuTM (26) ... (28). YKa3aHHBIM aATOPUTM COAEPIKUT
n-1 ycAOBUM TAGAKOCTH BUAA (26).

HemocpeACTBEHHBIM BLIYMCAEHHEM IO (POPMYAaM
BUAa (7), (8) HaxopuM 7n KOBM@PUITUEHTOB, BXOAAIINX
B (1), (2), (3), ..., mOCAe Uero cocTaBAsIEM CHUCTEMY 9N
ypaBHeHUM Bupa (29), copepsKallux ocTaArbHBIE 9n KO-
3¢dunuenToB. AOIOAHAEM 3Ty CHUCTEMY ypaBHEHUU
4YeTBIPbMs I'PAHUYHBIME yCAOBUAME BuAa (30) (mrockue
yTABl) U 4(n-1) ycaoBusamu raapkoctu Bupa (31). Iloay-
yaeM CHUCTeMY 9n AMHEeNMHBIX YpaBHEHUU OTHOCUTEABHO
9n HeusBeCTHBIX KO PunmeHToB. COBMECTHO C paHee
HaAUWAEHHBIMU 71 KO3 dUIMEeHTaMU IToAydaeM 16n Ko-
3(pduUnUEeHTOB, BXOAAIIMX B UCKOMBIE ypaBHeHUsA (1),
(2), (3), ... coepuHAEMBIX OUKYyOHMYEeCKUX OPLIUU.

IIpumep 4. IlepekpsiTie CBOGOAHOI (opmbl (ap-
XUTEKTYPHBIN NPOeKT). K ABYXCEKIMOHHOMY Iiepe-
KpbiTuio ABCD+ BMNC, paccCMOTpeHHOMY B IIpUMepe
3, TpebyeTcs IPUCOEAMHHUTb BXOAHOM mnoprar PADR
C TOPU3OHTAABHOM HamIpaBasiiolled PR, pacloAO’KeH-
HOMU Ha BBICOTe z=2,5 (puc. 7, cAeBa). YpaBHEHUA Ha-
npasasiomux AD, BC, MN u TIpOAOABHBIE TPAAUEHTEI
tgay, = -06; tgoy, =1 B yraax M, N mpepCTaBAEHBI
B npuMepe 3. B yraoBbeIxX Toukax P, R moprara 3apaHbl
rpapueHTsl tgo, = 0,4; tgap = —1. Tpebyercss BEIYMC-
AUThL 48 Koadduiuentos ypasHenuit (1), (2), (3) cer-
mentoB PADR+ABCD+ BMNC tpexcekiuonuon C?2-
TAAAKOM OMKYOMYeCKOU AeHTHl, IIPUHUMAasg I'PaHUYHbIE
YCAOBUSA «IIAOCKUe YTABL P, R, M, N».

Pemenne. Brimoansiem pacuer C2-TAapAKUX —IPO-
MOABHBIX rpaHull PABM u RDCN, UCHOAB3ys YCAOBUS
TAQAKOCTH BUAQ (26) u ycroBusl (27) (3aKpelAeHHBIe
KOHIBI). Halipg ypaBHeHUS IPOAOABHBIX T'DAHMUIL, He-
TIOCPEACTBEHHBEIM BBIUMCAEHHEM IO (POpPMyAaM BHAA
(7), (8) HaxopuM 21 KoaddunmeHT ypaBHeHU# (1), (2),
(3). Ocraabubie 26 Koo dunmrenTos (¢ yuerom a,, =0)

Puc. 7. TpexcekyuonHas C*-raapkas OMKyOudyeckas AeHTa (K npumepy 4)
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MALLMHOCTPOEHUE

OIIPEAEASIIOTCS U3 CUCTeMbl 26 AMHEeNHBIX ypaBHEHHHU
Bupa (29), (30), (31). Ha puc. 7 crnpaBa HIpeACTaBAEH
OOIIUI BUA COOPY’KEHHS C IIePEKPBITHEM CBOOOAHOU
(OpPMBEI.

3akaloueHHe. AKTYaABHOCTb. 3ajadya MOAEAUPOBa-
HHSI AeHTOYHBIX TIOBEPXHOCTel BO3HUKAeT B COBPeMeH-
HOM apXUTeKType IpU NPOEKTUPOBAHUM COOPY’KEHUH,
00AAAQIONTUX OOABIIION TPOCTPAHCTBEHHOM CBOOOAOU
(opmoobOpazoBaHusi. B 4aCTHOCTH, ITIOMCKU HOBLIX He-
AMHEWHBIX (POPM IIPUBEAU K MOSIBAEHUIO «TE€HTOBOM
APXUTEKTYPEI» [8] U «apXUTEKTypBl CKAAAOK» [9], mc-
MOAB3YIOIIUX MTePEKPHITUSA CO CAOKHBIMU KPUBOAUHEN-
HBIMU OYepTaHUSIMU. EcAuM KOHCTpyHpyeMas MOBepX-
HOCTb He MMeeT OOABIINX I'PAAUEHTOB OTHOCHUTEABLHO
HEKOTOPOU 0a30BOU IIAOCKOCTU Xy, TO AASL €e MOAe-
AUPOBAHUA MOI'YT OBITh 3(P(EKTUBHO MCIOAB30BAHBI
OUKyOHMUYeCKHe IOAMHOMBI OT CKaAdpHBIX BEAWUYUH X,
y [10].

Hayuynas HoBH3Ha

1. YpaBHeHUe 6GUKYyONUEeCKON MOPIIUU COAEPIKUT 16
HEN3BECTHBIX KO3((PUIMEHTOB, AAST OIIPEAEAEHUsT KO-
TOPBIX TPeOYeTC s PElIUTh CUCTEMY 16 AMHENHBIX ypaB-
HEHUY, 3a)Aa0IUX I'PaHUYHLIE YCAOBUS. [Ipeanaraercs
AATOPUTM, COTAACHO KOTOPOMY PpellleHHe CUCTeMBI 16
YpaBHEHUU CBOAUTCA K PeIIeHHI0 CUCTeMBI YeThIpeX
AMHEWHBIX YPaBHEHUN.

2. CocTaBA€HbI BBIUMCAUTEABHBIE aATOPUTMEI (POp-
MHUPOBAHMSI TAAAKON (¢ TAapkocTeio C! C?) Guky-
OMYeCKON A€eHTBI, OTAHWYAIOIIHeCS WCIOAb30BAHUEM
YpaBHEHUU IPOAOABHBIX TI'DAHMI] M IOINEepedYHBIX Ha-
NPaBASIONINX B KaueCTBe TPAHUYHBIX YCAOBUH, UTO IIO-
3BOASIET IIOUTH BABOE YMEHBIIUTHL pa3Mep XapaKTepu-
CTUYECKOM MATPHUIILl CUCTEMBl AMHEWHBIX ypPaBHEHUN
OTHOCHUTEABHO HEU3BECTHBIX KOI(P(UIIUEHTOB, BXOAL-
X B ypaBHeHMUs OMKyOMYeCKHUX IOPIUN.

ITIporpamMHOe oOecneuyeHne. MaTpudHble BBIYNC-
AeHUd (pellleHHe CHUCTeM AMHENHBIX aATeOpandecKux
ypaBHEHUN) BBIIIOAHEHBI C IIOMOIIBIO CBOOOAHO pac-
npocrpangemMon nporpaMmsl SMath Studio. Pacuer 06-
pasyroolmux OUKyOWYeCKOM AEHTHl U €€ BU3yaAu3allusd
BBLIIOAHEHBI C IIPUMEHEHHEeM SI3hIKa IIPOTPaMMUpPOBa-
Huga AutoLISP B cpeae AutoCAD.
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BICUBIC RIBBON SURFACE

A bicubic ribbon is a surface of constant width extended along the Ox-axis
and formed by a set of rectangular bicubic portions connected to each other
with smoothness C' (continuity of gradient between portions) or C? (continuity
of curvature). Each portion is limited by cubic parabolas lying in vertical planes
x=const, y=const. The article presents algorithms for calculating a bicubic band
based on the use of boundary curve equations as the main boundary conditions.
The «flat corners» conditions are accepted as additional boundary conditions. The
proposed approach makes it possible to reduce the size of the characteristic matrix
of a system of linear equations with respect to the coefficients included in the
equations of bicubic portions. For example, the calculation of 16 coefficients of
the equation of a bicubic portion passing through fixed boundary curves reduces
to solving a system of four linear equations. Criteria for smooth joining of bicubic
portions are formulated (in the form of theorems). Theorem 1 formulates and
proves the continuity conditions for the gradient. Theorem 2 contains conditions for
the continuity of curvature. Examples of calculation and visualization of C' and C2-
smooth ribbon surfaces, consisting of two or three bicubic portions, are presented.

Keywords: bicubic portion, cubic parabola, smoothness conditions, gradient, flat

corners, pinched ends.
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